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Abstract
On the product of two Finsler manifolds M1 × M2, we consider the
twisted metric F which is construct by using Finsler metrics F1 and F2
on the manifolds M1 and M2, respectively. We introduce horizontal and
vertical distributions on twisted product Finsler manifold and study C-
reducible and semi-C-reducible properties of this manifold. Then we ob-
tain the Riemannian curvature and some of non-Riemannian curvatures
of the twisted product Finsler manifold such as Berwald curvature, mean
Berwald curvature and we find the relations between these objects and
their corresponding objects on M1 and M2. Finally, we study locally du-
ally flat twisted product Finsler manifold.
Keywords: Twisted product Finsler manifold, non-Riemannian curva-
ture, locally dually flat.1
1 Introduction.
Twisted and warped product structures are widely used in geometry to con-
struct newexamples of semi-Riemannian manifolds with interesting curvature
properties. (see [3][10][13][18][21]). Twisted product metric tensors, as a gener-
alization of warped product metric tensors, have also been useful in the study of
several aspects of submanifold theory, namely, in hypersurfaces of complex space
forms [14], in Lagrangian submanifolds [7] and in decomposition of curvature
netted hypersurfaces [12], etc.
The notion of twisted product of Riemannian manifolds was mentioned
first by Chen in [5], and was generalized for the pseudo-Riemannian case by
Ponge and Reckziegel [22]. Chen extended the study of twisted product for
CR-submanifolds in Ka¨hler manifolds [6].
On the other hand, Finsler geometry is a natural extension of Riemannian
geometry without the quadratic restriction. Therefore, it is natural to extend-
ing the construction of twisted product manifolds for Finsler geometry. In
[13], Kozma-Peter-Shimada extended the construction of twisted product for
the Finsler geometry.
1 2010 Mathematics subject Classification: 53C60, 53C25.
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Let (M1, F1) and (M2, F2) are two Finsler manifolds with Finsler metrics F1
and F2, respectively, and f : M1 ×M2 −→ R
+ be a smooth function. On the
product manifold M1 ×M2, we consider the metric
F (v1, v2) =
√
F 21 (v1) + f
2(x, y)F 22 (v2)
for all (x, y) ∈ M1 ×M2 and (v1, v2) ∈ TM
◦
1 × TM
◦
2 , where TM
◦
1 is the slit
tangent manifold TM◦1 = TM1 \{◦}. The manifold M1×M2 endowed with this
metric, we call the twisted product of the manifolds M1 and M2 and denote it
by M1×f M2. The function f will be called the twisted function. In particular,
if f is constant on M2, then M1 ×f M2 is called warped product manifold.
Let (M,F ) be a Finsler manifold. The second and third order derivatives
of 1
2
F 2x at y ∈ TxM0 are the symmetric trilinear forms gy and Cy on TxM ,
which called the fundamental tensor and Cartan torsion, respectively. A Finsler
metric is called semi-C-reducible if its Cartan tensor is given by
Cijk =
p
1 + n
{hijIk + hjkIi + hkiJj}+
q
C2
IiIjIk,
where p = p(x, y) and q = q(x, y) are scalar function on TM , hij is the angular
metric and C2 = IiIi [17]. If q = 0, then F is called C-reducible Finsler metric
and if p = 0, then F is called C2-like metric.
The geodesic curves of a Finsler metric F on a smooth manifold M , are
determined by the system of second order differential equations c¨i+2Gi(c˙) = 0,
where the local functions Gi = Gi(x, y) are called the spray coefficients. F is
called a Berwald metric, if Gi are quadratic in y ∈ TxM for any x ∈M . Taking
a trace of Berwald curvature yields mean Berwald curvature E. Then F is said
to be isotropic mean Berwald metric if E = n+1
2
cF−1h, where h = hijdx
i⊗ dxj
is the angular metric and c = c(x) is a scalar function on M [19].
The second variation of geodesics gives rise to a family of linear maps Ry =
Rikdx
k⊗ ∂
∂xi
|x : TxM → TxM at any point y ∈ TxM . Ry is called the Riemann
curvature in the direction y. A Finsler metric F is said to be of scalar flag
curvature, if for some scalar function K on TM0 the Riemann curvature is in
the form Rik = KF
2hij . If K = constant, then F is said to be of constant flag
curvature.
In this paper, we introduce the horizontal and vertical distributions on tan-
gent bundle of a doubly warped product Finsler manifold and construct the
Finsler connection on this manifold. Then, we study some geometric proper-
ties of this product manifold such as C-reducible and semi-C-reducible. Then,
we introduce the Riemmanian curvature of twisted product Finsler manifold
(M1 ×f M2, F ) and find the relation between it and Riemmanian curvatures of
its components (M1, F1) and (M2, F2). In the cases that (M1 ×f M2, F ) is flat
or it has the scalar flag curvature, we obtain some results on its components.
Then, we study twisted product Finsler metrics with vanishing Berwald cur-
vature and isotropic mean Berwald curvature, respectively. Finally, we study
locally dually flat twisted product Finsler manifold. We prove that there is not
exist any locally dually flat proper twisted product Finsler manifold.
2
2 Preliminary
Let M be an n-dimensional C∞ manifold. Denote by TxM the tangent space
at x ∈ M , by TM = ∪x∈MTxM the tangent bundle of M , and by TM
◦ =
TM \ {0} the slit tangent bundle on M [20]. A Finsler metric on M is a
function F : TM → [0,∞) which has the following properties:
(i) F is C∞ on TM◦;
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM ;
(iii) for each y ∈ TxM , the following quadratic form gy on TxM is positive
definite,
gy(u, v) :=
1
2
∂2
∂s∂t
[
F 2(y + su+ tv)
]
|s,t=0, u, v ∈ TxM.
Let x ∈ M and Fx := F |TxM . To measure the non-Euclidean feature of Fx,
define Cy : TxM ⊗ TxM ⊗ TxM → R by
Cy(u, v, w) :=
1
2
d
dt
[gy+tw(u, v)] |t=0, u, v, w ∈ TxM.
The family C := {Cy}y∈TM◦ is called the Cartan torsion. It is well known that
C = 0 if and only if F is Riemannian [23].
For y ∈ TxM
◦, define mean Cartan torsion Iy by Iy(u) := Ii(y)u
i, where
Ii := g
jkCijk , Cijk =
1
2
∂gij
∂yk
and u = ui ∂
∂xi
|x. By Deicke’s Theorem, F is
Riemannian if and only if Iy = 0.
Let (M,F ) be a Finsler manifold. For y ∈ TxM
◦, define the Matsumoto
torsionMy : TxM ⊗TxM ⊗ TxM → R by My(u, v, w) := Mijk(y)u
ivjwk where
Mijk := Cijk −
1
n+ 1
{Iihjk + Ijhik + Ikhij},
hij := FFyiyj is the angular metric. In [16]), it is proved that a Finsler metric F
on a manifold M of dimension n ≥ 3 is a Randers metric if and only if My = 0,
∀y ∈ TM0. A Randers metric F = α+β on a manifold M is just a Riemannian
metric α =
√
aijyiyj perturbated by a one form β = bi(x)y
i on M such that
‖β‖α < 1.
A Finsler metric is called semi-C-reducible if its Cartan tensor is given by
Cijk =
p
1 + n
{hijIk + hjkIi + hkiIj}+
q
C2
IiIjIk,
where p = p(x, y) and q = q(x, y) are scalar function on TM and C2 = IiIi
with p+ q = 1. In [17], Matsumoto-Shibata proved that every (α, β)-metric on
a manifold M of dimension n ≥ 3 is semi-C-reducible.
Given a Finsler manifold (M,F ), then a global vector field G is induced
by F on TM◦, which in a standard coordinate (xi, yi) for TM◦ is given by
G = yi ∂
∂xi
− 2Gi(x, y) ∂
∂yi
, where
Gi :=
1
4
gil
[ ∂2F 2
∂xk∂yl
yk −
∂F 2
∂xl
]
, y ∈ TxM.
3
G is called the spray associated to (M,F ). In local coordinates, a curve c(t) is
a geodesic if and only if its coordinates (ci(t)) satisfy c¨i + 2Gi(c˙) = 0 [2].
A Finsler metric F = F (x, y) on a manifoldM is said to be locally dually flat
if at any point there is a coordinate system (xi) in which the spray coefficients
are in the following form
Gi = −
1
2
gijHyj ,
where H = H(x, y) is a C∞ scalar function on TM◦ satisfying H(x, λy) =
λ3H(x, y) for all λ > 0. Such a coordinate system is called an adapted coordi-
nate system. In [24], Shen proved that the Finsler metric F on an open subset
U ⊂ Rn is dually flat if and only if it satisfies (F 2)xkyly
k = 2(F 2)xl .
For a tangent vector y ∈ TxM
◦, define By : TxM⊗TxM⊗TxM → TxM and
Ey : TxM ⊗ TxM → R by By(u, v, w) := B
i
jkl(y)u
jvkwl ∂
∂xi
|x and Ey(u, v) :=
Ejk(y)u
jvk where
Bijkl :=
∂3Gi
∂yj∂yk∂yl
, Ejk :=
1
2
Bmjkm.
B and E are called the Berwald curvature and mean Berwald curvature, respec-
tively. Then F is called a Berwald metric and weakly Berwald metric if B = 0
and E = 0, respectively [23]. It is proved that on a Berwald space, the parallel
translation along any geodesic preserves the Minkowski functionals [11].
A Finsler metric F is said to be isotropic Berwald metric and isotropic mean
Berwald metric if its Berwald curvature and mean Berwald curvature is in the
following form, respectively
Bijkl = c{Fyjykδ
i
l + Fykylδ
i
j + Fylyjδ
i
k + Fyjykyly
i}, (2 .1)
Eij =
1
2
(n+ 1)cF−1hij , (2 .2)
where c = c(x) is a scalar function on M [8][25].
The Riemann curvature Ry = R
i
kdx
k ⊗ ∂
∂xi
|x : TxM → TxM is a family of
linear maps on tangent spaces, defined by
Rik = 2
∂Gi
∂xk
− yj
∂2Gi
∂xj∂yk
+ 2Gj
∂2Gi
∂yj∂yk
−
∂Gi
∂yj
∂Gj
∂yk
. (2 .3)
The flag curvature in Finsler geometry is a natural extension of the sectional
curvature in Riemannian geometry was first introduced by L. Berwald [4]. For
a flag P = span{y, u} ⊂ TxM with flagpole y, the flag curvature K = K(P, y)
is defined by
K(P, y) :=
gy(u,Ry(u))
gy(y, y)gy(u, u)− gy(y, u)2
. (2 .4)
We say that a Finsler metric F is of scalar curvature if for any y ∈ TxM , the
flag curvature K = K(x, y) is a scalar function on the slit tangent bundle TM◦.
If K = constant, then F is said to be of constant flag curvature.
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3 Nonlinear Connection
Let (M1, F1) and (M2, F2) be two Finsler manifolds. Then the functions
(i) gij(x, y) =
1
2
∂2F 21 (x, y)
∂yi∂yj
, (ii) gαβ(u, v) =
1
2
∂2F 22 (u, v)
∂vα∂vβ
, (3 .5)
define a Finsler tensor field of type (0, 2) on TM◦1 and TM
◦
2 , respectively. Now
let (M1 × fM2, F ) be a doubly warped Finsler manifold, x = (x, u) ∈ M ,
y = (y, v) ∈ TxM , M = M1 ×M2 and TxM = TxM1 ⊕ TuM2. Then by using
(3 .5) we conclude that
(
gab(x, u, y, v)
)
=
(1
2
∂2F 2(x, u, y, v)
∂yayb
)
=
[
gij 0
0 f2gαβ
]
, (3 .6)
where ya = (yi, vα), gij = gij , gαβ = f
2gαβ , giβ = gαj = 0, i, j, . . . ∈
{1, . . . , n1}, α, β, . . . ∈ {1, . . . , n2} and a, b, . . . ∈ {1, . . . , n1 + n2}.
Now we consider the the spray coefficients of F1, F2 and F as
Gi(x, y) =
1
4
gih
( ∂2F 21
∂yh∂xj
yj −
∂F 21
∂xh
)
(x, y), (3 .7)
Gα(u, v) =
1
4
gαγ
( ∂2F 22
∂vγ∂uβ
vβ −
∂F 22
∂uγ
)
(u, v), (3 .8)
Ga(x,y) =
1
4
gab
( ∂2F 2
∂yb∂xc
yc −
∂F 2
∂xb
)
(x,y). (3 .9)
Taking into account the homogeneity of both F 21 and F
2
2 , and using (3 .7) and
(3 .8), we can conclude that Gi and Gα are positively homogeneous of degree
two with respect to (yi) and (vα), respectively. Hence from Euler theorem for
homogeneous functions, we infer that
∂Gi
∂yj
yj = 2Gi, and
∂Gα
∂vβ
vβ = 2Gα.
By setting a = i in (3 .9) we have
Gi(x, u, y, v) =
1
4
gih
( ∂2F 2
∂yh∂xj
yj +
∂2F 2
∂yh∂uα
vα −
∂F 2
∂xh
)
.
Direct calculations give us
∂F 2
∂xh
=
∂F 21
∂xh
+
∂f2
∂xh
F 22 ,
∂2F 2
∂yh∂xj
=
∂2F 21
∂yh∂xj
∂2F 2
∂yh∂uα
= 0.
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Putting these equations together gih = gih in the above equation and using
(3 .7) imply that
Gi(x, u, y, v) = Gi(x, y)−
1
2
ff iF 22 . (3 .10)
Similarly, by setting a = α in (3 .9) and using (3 .8) we obtain
Gα(x, u, y, v) = Gα(u, v) + f−1(fjv
αyj + fλv
αvλ −
1
2
fγg
αγF 22 ), (3 .11)
where fi =
∂f
∂xi
, fγ =
∂f
∂uγ
, f i = gihfh and f
γ = gλγfλ. Therefore we have
Ga = (Gi,Gα), where Ga, Gi and Gα are given by (3 .9), (3 .10) and (3 .11),
respectively.
Now, we put
(i) Gab :=
∂Ga
∂yb
, (ii) Gij :=
∂Gi
∂yj
, (iii) Gαβ :=
∂Gα
∂vβ
. (3 .12)
Then we have the following.
Lemma 1. The coefficients Gab defined by (3 .12) satisfy in the following
(
Gab (x, u, y, v)
)
=
[
Gij(x, u, y, v) G
α
j (x, u, y, v)
Giβ(x, u, y, v) G
α
β(x, u, y, v)
]
, (3 .13)
where
Gij(x, u, y, v) :=
∂Gi
∂yj
= Gij + C
ih
j ffhF
2
2 , (3 .14)
Giβ(x, u, y, v) :=
∂Gi
∂vβ
= −ff ivβ , (3 .15)
Gαj (x, u, y, v) :=
∂Gα
∂yj
= f−1fjv
α, (3 .16)
Gαβ(x, u, y, v) :=
∂Gα
∂vβ
= Gαβ + f
−1(Cαγβ fγF
2
2 + fjy
jδαβ − f
αvβ
+fβv
α + fγv
γδαβ ). (3 .17)
Next, V TM◦ kernel of the differential of the projection map
pi := (pi1, pi2) : TM
◦
1 ⊕ TM
◦
2 →M1 ×M2,
which is a well-defined subbundle of TTM◦, is considered. Locally, Γ(V TM◦)
is spanned by the natural vector fields { ∂
∂y1
, . . . , ∂
∂yn1
, ∂
∂v1
, . . . , ∂
∂vn2
} and it is
called the twisted vertical distribution on TM◦. Then, using the functions given
by (3 .14)-(3 .17), the nonholonomic vector fields are defined as following
δt
δtxi
: =
∂
∂xi
−Gji
∂
∂yj
−Gβi
∂
∂vβ
, (3 .18)
δt
δtuα
: =
∂
∂uα
−Gjα
∂
∂yj
−Gβα
∂
∂vβ
, (3 .19)
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which make it possible to construct a complementary vector subbundle HTM◦
to V TM◦ in TTM◦ as follows
HTM◦ := span{
δt
δtx1
, . . . ,
δt
δtxn1
,
δt
δtu1
, . . . ,
δt
δtun2
}.
HTM◦ is called the twisted horizontal distribution on TM◦. Thus the tangent
bundle of TM◦ admits the decomposition
TTM◦ = HTM◦ ⊕ V TM◦. (3 .20)
It is shown that G := (Gab ) is a nonlinear connection on TM = TM1 ⊕ TM2.
In the following, we compute the non-linear connection of a twisted product
Finsler manifold.
Proposition 1. If (M1 × fM2, F ) is a twisted product Finsler manifold, then
G = (Gab ) is the nonlinear connection on TM . Further, we have
∂Gij
∂yk
yk +
∂Gij
∂vγ
vγ = Gij ,
∂Giβ
∂yk
yk +
∂Giβ
∂vγ
vγ = Giβ ,
∂Gαj
∂yk
yk +
∂Gαj
∂vγ
vγ = Gαj ,
∂Gαβ
∂yk
yk +
∂Gαβ
∂vγ
vγ = Gαβ .
Definition 1. Using decomposition (3 .20), the twisted vertical morphism vt :
TTM◦ → V TM◦ is defined by
vt :=
∂
∂yi
⊗ δtyi +
∂
∂vα
⊗ δtvα,
where
δtyi := dyi +Gijdx
j +Giβdu
β, (3 .21)
δtvα := dvα +Gαj dx
j +Gαβdu
β . (3 .22)
For this projective morphism, the following hold
vt(
∂
∂yi
) =
∂
∂yi
, vt(
∂
∂vα
) =
∂
∂vα
, vt(
δt
δtxi
) = 0, vt(
δt
δtui
) = 0.
From the above equations, we conclude that
(vt)2 = vt, and ker(vt) = HTM◦.
This mapping is called the twisted vertical projective.
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Definition 2. Using decomposition (3 .20), the doubly warped horizontal pro-
jective ht : TTM◦ → HTM◦ is defined by
ht = id− vt
or
ht =
δt
δtxi
⊗ dxi +
δt
δtuα
⊗ duα.
For this projective morphism, the following hold
ht(
δt
δtxi
) =
δt
δtxi
, ht(
δt
δtuα
) =
δt
δtuα
, ht(
∂
∂yi
) = 0, ht(
∂
∂vα
) = 0.
Thus we result that
(ht)2 = ht, and ker(ht) = V TM◦.
Definition 3. Using decomposition (3 .20), the twisted almost tangent structure
J t : HTM◦ → V TM◦ is defined by
J t :
∂
∂yi
⊗ dxi +
∂
∂vα
⊗ duα,
or
J t(
δt
δtxi
) =
∂
∂yi
, J t(
δt
δtuα
) =
∂
∂vα
, J t(
∂
∂yi
) = J t(
∂
∂vα
) = 0.
Thus we result that
(J t)2 = 0, and kerJ t = ImJ t = V TM◦.
Here, we introduce some geometrical objects of twisted product Finsler mani-
fold. In order to simplify the equations, we rewritten the basis of HTM◦ and
V TM◦ as follows:
δt
δtxa
=
δt
δtxi
δia +
δt
δtuα
δαa ,
∂
∂ya
=
∂
∂yi
δia +
∂
∂vα
δαa .
Thus
TTM◦ = span{
δt
δtxa
,
∂
∂ya
}.
The Lie brackets of this basis is given by
[
δt
δtxa
,
δt
δtxb
] = Rcab
∂
∂yc
, (3 .23)
[
δt
δtxa
,
∂
∂yb
] =Gcab
∂
∂yc
, (3 .24)
[
∂
∂ya
,
∂
∂yb
] = 0, (3 .25)
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where
(i) Rcab =
δtGca
δtxb
−
δtGcb
δtxa
, (3 .26)
(ii) Gcab =
∂Gca
∂yb
. (3 .27)
Therefore, we have the following.
Corollary 1. Let (M1 × fM2, F ) be a twisted product Finsler manifold. Then
Rcab = (R
k
ij ,R
k
iβ ,R
k
αj ,R
k
αβ ,R
γ
ij ,R
γ
iβ ,R
γ
αj ,R
γ
αβ)
where
Rkij :=
δtGki
δtxj
−
δtGkj
δtxi
, Rkiβ :=
δtGki
δtuβ
−
δtGkβ
δtxi
,
Rkαj :=
δtGkα
δtxj
−
δtGkj
δtuα
, Rkαβ :=
δtGkα
δtuβ
−
δtGkβ
δtuα
,
R
γ
ij :=
δtG
γ
i
δtxj
−
δtG
γ
j
δtxi
, R
γ
iβ :=
δtG
γ
i
δtuβ
−
δtG
γ
β
δtxi
,
R
γ
αj :=
δtGγα
δtxj
−
δtG
γ
j
δtuα
, R
γ
αβ :=
δtGγα
δtuβ
−
δtG
γ
β
δtuα
,
With a simple calculation, we have the following.
Corollary 2. Let (M1 × fM2, F ) be a twisted product Finsler manifold. Then
Gcab = (G
k
ij ,G
k
iβ ,G
k
αj ,G
k
αβ ,G
γ
ij ,G
γ
iβ ,G
γ
αj ,G
γ
αβ)
where
G
γ
αβ =
∂Gγα
∂vβ
= Gγαβ + f
−1(Cγλα;βfλF
2
2 + 2C
γλ
α fλvβ + 2C
γλ
β fλvα
−fγgαβ + fβδ
γ
α + fαδ
γ
β) = G
γ
βα,
Gkij =
∂Gki
∂yj
= Gkij + C
kh
i;j ffhF
2
2 = G
k
ji,
Gkiβ =
∂Gki
∂vβ
= 2Ckhi ffhvβ = G
k
βi,
Gkαβ =
∂Gkα
∂vβ
= −ffkgαβ = G
k
βα,
G
γ
iβ =
∂G
γ
i
∂vβ
= f−1fiδ
γ
β = G
γ
βi,
G
γ
ij =
∂G
γ
i
∂yj
= Gγji = 0.
9
where Ckhi;j =
∂Ckhi
∂yj
. Apart from Gcab, the functions F
c
ab given by
Fcab =
1
2
gce
(δtgea
δtxb
+
δtgeb
δtxa
−
δtgab
δtxe
)
(3 .28)
Corollary 3. Let (M1 × fM2, F ) be a twisted product Finsler manifold. Then
Fcab = (F
k
ij ,F
k
iβ ,F
k
αj ,F
k
αβ ,F
γ
ij ,F
γ
iβ ,F
γ
αj ,F
γ
αβ)
where
Fkij = F
k
ij −
(
M rj C
k
ir +M
r
i C
k
jr −M
r
hCijrg
kh
)
, (3 .29)
Fkiβ = −G
r
βC
k
ir = F
k
βi, (3 .30)
Fkαβ = −ff
kgαβ + f
2gkhGλhCαβλ, (3 .31)
F
γ
ij = f
−2gγλGrλCijr , (3 .32)
F
γ
iβ = f
−1fiδ
γ
β −G
α
i C
γ
αβ = F
γ
βi, (3 .33)
F
γ
αβ = F
γ
αβ +N
γ
αβ −
(
M
µ
βC
γ
αµ +M
µ
αC
γ
βµ −M
µ
λCαβµg
γλ
)
, (3 .34)
F kij =
1
2
gkh(
δghi
δxj
+
δghj
δxi
−
δgij
δxh
),
F
γ
αβ =
1
2
gγλ(
δgλα
δuβ
+
δgλβ
δuα
−
δgαβ
δuλ
),
M ri = C
rh
i ffhF
2
2 ,
Mµα = f
−1(Cµγα fγF
2
2 + fry
rδµα + fγv
γδµα − g
µγfγvα + fαv
µ),
N
γ
αβ = f
−1(fβδ
γ
α + fαδ
γ
β − fλg
γλgαβ).
Proof. By using (3 .28) we have
Fkij =
1
2
gkh
(δtghi
δtxj
+
δtghj
δtxi
−
δtgij
δtxh
)
. (3 .35)
Since gij is a function with respect to (x, y), then by (3 .14) and (3 .18) we
obtain
δtghi
δtxj
=
δghi
δxj
− 2M rjChir.
Interchanging i, j and h in the above equation gives us
δtghj
δtxi
=
δghj
δxi
− 2M ri Chjr
δtgij
δtxh
=
δgij
δxh
− 2M rhCijr .
Putting these equation in (3 .35), give us (3 .29). In the similar way, we can
prove the another relation.
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By using (i) of (3 .12) and (3 .29)-(3 .34), we can conclude the following.
Lemma 2. Let (M1 × fM2, F ) be a twisted product Finsler manifold. Then
ycFabc = G
a
b , where F
a
bc and G
a
b are defined by (3 .28) and (i) of (3 .12), re-
spectively.
The Cartan torsion is one of the most important non-Riemannian quantity
in Finsler geometry and it first introduced by Finsler and emphased by Cartan
which measures a departure from a Riemannian manifold. More precisely, a
Finsler metric reduces to a Riemannian metric if and only if it has vanishing
Cartan torsion. The local components of Cartan tensor field of the twisted
Finsler manifold (M1 × fM2, F ) is defined by
Cabc =
1
2
gae
∂gbe
∂yc
.
From this definition, we conclude the following.
Lemma 3. Let Ckij and C
γ
αβ be the local components of Cartan tensor field on
M1 and M2, respectively. Then we have
Ccab = (C
k
ij ,C
k
iβ ,C
k
αj ,C
k
αβ ,C
γ
ij ,C
γ
iβ ,C
γ
αj ,C
γ
αβ),
where
Ckij =
1
2
gkh
∂gij
∂yh
= Ckij ,
C
γ
αβ =
1
2
gγλ
∂gαβ
∂vλ
= Cγαβ ,
and Ckiβ = C
k
αj = C
k
αβ = C
γ
ij = C
γ
iβ = C
γ
αj = 0.
By using the Lemma 3, we can get the following.
Corollary 4. Let (M1 × fM2, F ) be a twisted product Finsler manifold. Then
(M1 × fM2, F ) is a Riemannian manifold if and only if (M1, F1) and (M2, F2)
are Riemannian manifold.
Various interesting special forms of Cartan tensors have been obtained by
some Finslerians [17]. The Finsler spaces having such special forms have been
called C-reducible, C2-like, semi-C-reducible, and etc. In [15], Matsumoto in-
troduced the notion of C-reducible Finsler metrics and proved that any Randers
metric is C-reducible. Later on, Matsumoto-Ho¯jo¯ proves that the converse is
true too [16].
Here, we define the Matsumoto twisted tensor Mabc for a twisted product
Finsler manifold (M1 × fM2, F ) as follows:
Mabc = Cabc −
1
n+ 1
{Iahbc + Ibhac + Ichab},
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where Ia = g
bcCabc, Cabc = gcdC
d
ab and hab = gab −
1
F 2
yayb. By attention to
the above equation and relations
Cijk = Cijk , Cαβγ = f
2Cαβγ ,
we obtain
Mαjk = −
1
n+ 1
{
Iα(gjk −
1
F 2
yjyk)−
f2
F 2
vα(Ijyk + Ikyj)
}
.
Contracting the above equation in yjyk give us
yjykMαjk = −
f2F 21F
2
2
(n+ 1)F 2
Iα.
Similarly, we obtain
vλvβMiβλ = −
f2F 21F
2
2
(n+ 1)F 2
Ii.
Therefore if Miβλ = Mαjk = 0, then we get Ii = Iα = 0, i.e., (M1, F1) and
(M2, F2) are Riemannian manifolds. Thus we have
Theorem 1. There is not exist any C-reducible twisted product Finsler mani-
fold.
Now, we are going to consider semi-C-reducible twisted product Finsler man-
ifold (M1× fM2, F ). Let (M1× fM2, F ) be a semi-C-reducible twisted product
Finsler manifold. Then we have
Cabc =
p
n+ 1
{Iahbc + Ibhac + Ichab}+
q
C2
IaIbIc,
where C2 = IaIa and p and q are scalar function on M1 × fM2 with p+ q = 1.
This equation gives us
0 = Cαjk =
p
n+ 1
{
Iα(gjk −
1
F 2
yjyk)−
f2
F 2
vα(Ijyk + Ikyj)
}
+
q
C2
IαIjIk.
Contraction the above equation with yjyk implies that
pf2F 21 F
2
2 Iα = 0.
Therefore we have p = 0 or Iα = 0. If p = 0, then F is C2-like metric. But if
p 6= 0, then Iα = 0, i. e., F2 is Riemannian metric. In this case, with similar
way we conclude that F1 is Riemannian metric. But, by definition F can not
be a Riemannian metric. Therefore we have
Theorem 2. Every semi-C-reducible twisted product Finsler manifold (M1 ×
fM2, F ) is a C2-like manifold.
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4 Riemannian Curvature
The Riemannian curvature of twisted product Finsler manifold (M1 × fM2, F )
with respect to Berwald connection is given by
R ab cd =
δtFabc
δtxd
−
δtFabd
δtxc
+ FadeF
e
bc − F
a
ceF
e
bd. (4 .36)
Lemma 4. Let (M1×f M2, F ) be a twisted product Finsler manifold. Then we
have
Racd = y
bR ab cd,
where Racd and y
bR ab cd are given by (3 .27) and (4 .36).
Proof. By using (4 .36), we have
ybR ib kl = y
b δ
tFibk
δtxl
− yb
δtFibl
δtxk
+ ybFileF
e
bk.− y
bFikeF
e
bl. (4 .37)
By using Corollary 3 and Lemma 2, we obtain
yb
δtFibk
δtxl
=
δtGik
δtxl
+ FijkG
j
l + F
i
βkG
β
l , (4 .38)
ybFileF
e
bk = F
i
lhG
h
k + F
i
lγG
γ
k. (4 .39)
Interchanging i and j in the above equation imply that
yb
δtFibl
δtxk
=
δtGil
δtxk
+ FijlG
j
k + F
i
βlG
β
k , (4 .40)
ybFikeF
e
bl = F
i
khG
h
l + F
i
kγG
γ
l . (4 .41)
Setting (4 .38), (4 .39), (4 .40) and (4 .41) in (4 .37) give us ybR ib kl = R
i
kl. In
the similar way, we can obtain this relation for another indices.
Using (4 .36), we can compute the Riemannian curvature of a twisted prod-
uct Finsler manifold.
Lemma 5. Let (M1 ×f M2, F ) be a twisted product Finsler manifold . Then
the coefficients of Riemannian curvature are as follows:
R ij kl = R
i
j kl −
{
{M rl
∂F ijk
∂yr
+
δtM ijk
δtxl
+ F ilhM
h
jk +M
i
lhF
h
jk −M
i
lhM
h
jk
+f−2gαγGrαG
m
γ C
i
lrCjkm} − C
k
l
}
(4 .42)
R iα kl =
{
−
δt
δtxl
(GrαC
i
kr)− (F
i
rl −M
i
rl)G
m
α C
r
km − f
−1GrβC
i
lrfkδ
β
α
+GrβG
µ
kC
i
lrC
β
αµ
}
− Ckl . (4 .43)
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R ij βλ =
{
−
δt
δtuλ
(GrβC
i
jr) +G
m
λ G
l
βC
i
rmC
r
jl − (f
igαλ − fG
µ
hg
ihCαλµ)
(fjδ
α
β − fG
ν
jC
α
βν)
}
− Cβλ. (4 .44)
R iα βl =
δt
δtuβ
(GrαC
i
lr)−
δt
δtxl
f(f igαβ − fG
λ
hg
ihCαβλ)
−Gmβ G
s
αC
i
rmC
r
ls + (f
igµβ − fG
λ
hg
ihCµβλ)(flδ
µ
α
−fGνl C
µ
αν)− fg
rh(F irl −M
i
rl)(fhgαβ − fG
λ
hCαβλ)
−GrµC
i
lr(F
µ
αβ +N
µ
αβ −M
µ
αβ). (4 .45)
R ij βl = −
δt
δtxl
(GrβC
i
jr)−
δt
δtuβ
(F ijl −M
i
jl)− (F
i
lr −M
i
lr)G
s
βC
r
js
−f−1GrαC
i
lr(fjδ
α
β − fG
µ
jC
α
βµ) +G
s
βC
i
rs(F
r
jl −M
r
jl)
+f−1GrµCjlr(f
iδ
µ
β − fG
λ
hg
ihC
µ
βλ) (4 .46)
R iα βλ =
{
−
δt
δtuλ
(ff igαβ − f
2gihG
µ
hCαβµ) + fG
s
λC
i
rs(f
rgαβ
−fGµl Cαβµg
rl)− f(f igλµ − fg
ihGκhCλµκ)(F
µ
αβ
+Nµαβ −M
µ
αβ)
}
− Cβλ. (4 .47)
R
γ
j kl =
{ δt
δtxl
(f−2gγλGrλCjkr) + f
−2gγλGsλClrs(F
r
jk −M
r
jk)
+f−3GrµCjkr(flg
γµ − fGαl C
γµ
α )
}
− Ckl . (4 .48)
R
γ
j βl =
δt
δtxl
(f−1fjδ
γ
β − fG
α
j C
γ
αβ)−
δt
δtuβ
(f−2gγλGrλCjlr)
−f−2gγλGsλG
m
β C
h
lsChjm + f
−2(flδ
γ
µ − fG
α
l C
γ
µα)(fjδ
µ
β
−fGνjC
µ
βν)− f
−1(frδ
γ
β − fG
α
rC
γ
βα)(F
r
jl −M
r
jl)
−f−2gµλGrλCjlr(F
γ
βµ +N
γ
βµ −M
γ
βµ). (4 .49)
R
γ
α βl =
δt
δtxl
(F γαβ +N
γ
αβ −M
γ
αβ)−
δt
δtuβ
(f−1flδ
γ
α −G
µ
l C
γ
αµ)
−f−1gγλGsλC
h
ls(fhgαβ − fG
µ
hCαβµ) + f
−1(flδ
γ
µ
−fGκl C
γ
µκ)(F
µ
αβ +N
µ
αβ −M
µ
αβ) + f
−1GsαC
r
ls(frδ
γ
β
−fGκrC
γ
βκ)− f
−1(flδ
µ
α − fG
κ
l C
µ
ακ)(F
γ
βµ +N
γ
βµ −M
γ
βµ). (4 .50)
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R
γ
j βλ =
{ δt
δtuλ
(f−1fjδ
γ
β −G
α
j C
γ
αβ) + f
−1(F γαλ +N
γ
αλ −M
γ
αλ)
(fjδ
α
β − fG
ν
jC
α
βν)− f
−1Gmβ C
r
jm(frδ
γ
λ − fG
α
rC
γ
λα)
}
− Cβλ.(4 .51)
R
γ
α kl =
{ δt
δtxl
(f−1fkδ
γ
α −G
µ
kC
γ
αµ) + f
−2(flδ
γ
β − fG
κ
l C
γ
βκ)
(fkδ
β
α − fG
ν
kC
β
αν)− f
−2GsµG
m
α g
γµChlsChkm
}
− Ckl . (4 .52)
R
γ
α βλ = R
γ
α βλ −
{
{Mκλ
∂F
γ
αβ
∂vκ
+
δtM
γ
αβ
δtuλ
+ F γλµM
µ
αβ +M
γ
λµF
µ
αβ −M
γ
λµM
µ
αβ
+
δtN
γ
αλ
δtuβ
+ F γβµN
µ
αλ +N
γ
βµF
µ
αλ +N
γ
βµN
µ
αλ +N
γ
λµM
µ
αβ +N
µ
αβM
γ
λµ
+(grsδγλfs − fg
rsGκsC
γ
λκ)(gαβfr − fG
µ
rCαβµ)} − C
β
λ
}
(4 .53)
where
M ijk = M
r
kC
i
jr +M
r
jC
i
kr −M
r
hg
ihCjkr ,
M
γ
αβ = M
µ
βC
γ
αµ +M
µ
αC
γ
βµ −M
µ
ν g
γνCαβµ,
N
γ
αβ = f
−1(fβδ
γ
α + fαδ
γ
β − fλg
γλgαβ)
and Cij denotes the interchange of indices i, j and subtraction.
By the Theorem 5, we have the following.
Theorem 3. Let (M1× fM2, F ) be a flat twisted product Finsler manifold and
(M1, F1) is Riemannian. If f is a function on M2, only, then (M1, F1) is locally
flat.
Similarly, we get the following.
Theorem 4. Let (M1× fM2, F ) be a flat twisted product Finsler manifold and
(M2, F2) is Riemannian. If f is a function on M1, only, then (M2, F2) is a
space of positive constant curvature ||gradf ||2.
Proof. Since M2 is Riemannain and f is a function on M1, then by (4 .53), we
obtain
R
γ
α βλ = R
γ
α βλ + ||gradf ||
2(δγλgαβ − δ
γ
βgαλ). (4 .54)
Since (M1 × fM2, F ) is flat, then R
γ
α βλ = 0. Thus the proof is complete.
Theorem 5. Let (M1 × fM2, F ) be a twisted product Riemannian manifold
and f be a function on M2, only. Then (M1 × fM2, F ) is flat if and only
if (M1, F1) is flat and the Riemannian curvature of (M2, F2) satisfies in the
following equation:
R
γ
α βλ = {
δtN
γ
αλ
δtuβ
+ F γβµN
µ
αλ +N
γ
βµF
µ
αλ +N
γ
βµN
µ
αλ} − C
β
λ. (4 .55)
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5 Twisted Product Finsler manifolds With Non-
Riemannian Curvature Properties
There are several important non-Riemannian quantities such as the Berwald
curvature B, the mean Berwald curvature E and the Landsberg curvature L,
etc [26]. They all vanish for Riemannian metrics, hence they are said to be non-
Riemannian. In this section, we find some necessary and sufficient conditions
under which a twisted product Riemannian manifold are Berwaldian, of isotropic
Berwald curvature, of isotropic mean Berwald curvature. First, we prove the
following.
Lemma 6. Let (M1 ×f M2, F ) be a twisted product Finsler manifold . Then
the coefficients of Berwald curvature are as follows:
B
γ
αβλ = B
γ
αβλ + f
−1(Cγνλ;α;βfνF
2
2 + 2C
γν
α;βfνvλ + 2C
γν
α;λfνvβ
+2Cγνα fνgλβ + 2C
γν
λ;βfνvα + 2C
γν
β fνgλα
+2Cγνλ fνgαβ − 2Cαβλf
γ), (5 .56)
Bkijl = B
k
ijl + fC
kh
l;j;ifhF
2
2 , (5 .57)
Bkiβl = 2fC
kh
i;l fhvβ , (5 .58)
Bkαβl = 2fgαβC
kh
l fh, (5 .59)
Bkαβλ = −2fCαβλf
k, (5 .60)
B
γ
iβλ = B
γ
ijλ = B
γ
ijk = 0. (5 .61)
Let (M1×fM2, F ) is a Berwald manifold. Then we have B
d
abc = 0. By using
(5 .60), we get
Cαβλf
k = 0.
Multiply this equation in gkr we obtain
Cαβλfr = 0.
Thus if f is not constant on M1, then we have Cαβλ = 0. Also, from (5 .59) we
result that
Ckhl fh = 0.
Differentiating this equation with respect yj gives us
Ckhl;j fh = 0.
Similarly we obtain
Ckhl;j;ifh = 0.
Setting the last equation in (5 .57) implies that Bkijl = 0, i. e., (M1, F1) is
Berwaldian. These explanations give us the following theorem.
Theorem 6. Let (M1×f M2, F ) be a twisted product Finsler manifold and f is
not constant on M1. Then (M1×f M2, F ) is Berwaldian if and only if (M1, F1)
is Berwaldian, (M2, F2) is Riemannian and the equation C
kh
l fh = 0 is hold.
16
But if f is constant on M1, i.e., fi = 0, then we get the following.
Theorem 7. Let (M1 ×f M2, F ) be a twisted product Finsler manifold and f
is constant on M1. Then (M1 ×f M2, F ) is Berwaldian if and only if (M1, F1)
is Berwaldian and the Berwald curvature of (M2, F2) satisfies in the following
equation:
B
γ
αβλ = −f
−1(Cγνβ;α;λfνF
2
2 + 2C
γν
β;αfνvλ + 2C
γν
λ;αfνvβ + 2C
γν
α fνgλβ
+2Cγνβ;λfνvα + 2C
γν
β fνgλα + 2C
γν
λ fνgαβ − 2g
γνCαβλfν) (5 .62)
Here, we consider twisted product Finsler manifold (M1×fM2, F ) of isotropic
Berwald curvature.
Theorem 8. Every isotropic Berwald twisted product Finsler manifold (M1×f
M2, F ) is a Berwald manifold.
Proof. Let (M1 ×f M2, F ) be an isotropic Berwald manifold. Then we have
Bdabc = cF
−1{hdahbc + h
d
bhac + h
d
chab + 2Cabcy
d},
where c = c(x) is a function on M . Setting a = j, b = k, c = l, d = γ and using
(5 .61) imply that
cF−1{
3
F 2
yjykylv
γ − vγ(yjgkl + ykgjl + ylgjk)} = 0.
Multiplying the above equation in yjyk, we derive that cf2F 21F
2
2 = 0. Thus we
have c = 0, i.e., (M1 ×f M2) is Berwaldian.
Now, we are going to study twisted product Finsler manifold of isotropic
mean Berwald curvature. For this work, we must compute the coefficients of
mean Berwald curvature of a twisted product Finsler manifold.
Lemma 7. Let (M1×f M2, F ) be a twisted product Finsler manifold. Then the
coefficients of mean Berwald curvature are as follows:
Eαβ = Eαβ + fgαβI
hfh +
1
2
fIν;α;βfνF
2
2 + f
−1fν(C
γν
α;βvγ + I
ν
;αvβ + I
ν
;βvα
+Cναβ + I
νgαβ), (5 .63)
Eij = Eij +
1
2
fIh;j;ifhF
2
2 , (5 .64)
Eiβ = fI
h
;ifhvβ , (5 .65)
where Eij and Eαβ are the coefficients of mean Berwald curvature of (M1, F1)
and (M2, F2), respectively.
Proof. By definition and Lemma 6, we get the proof.
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Theorem 9. The twisted product Finsler manifold (M1 ×f M2, F ) is weakly
Berwald if and only if (M1, F1) is weakly Berwald, I
hfh = 0 and the following
hold
Eαβ = −
1
2
fIν;α;βfνF
2
2 − f
−1fν(C
γν
α;βvγ + I
ν
;αvβ + I
ν
;βvα+C
ν
αβ + I
νgαβ). (5 .66)
Proof. If (M1 ×f M2) be a weakly Berwald manifold, then we have
Eαβ = Eij = Eiβ = 0.
Thus by using (5 .65) we result that Ih;ifh = 0. This equation implies that
Ih;j;ifh = 0, and I
hfh = 0.
By setting these equations in (5 .63) and (5 .64) we conclude that Eij = 0 and
Eαβ satisfies in (5 .66).
Now, if f is constant on M2, then (5 .66) implies that Eαβ = 0. Thus we
conclude the following.
Corollary 5. Let (M1 ×f M2, F ) be a twisted product Finsler manifold and f
is a function on M1, only. Then (M1 ×f M2, F ) is weakly Berwald if and only
if (M1, F1) and (M2, F2) are weakly Berwald manifolds and I
hfh = 0.
Now, we consider twisted product Finsler manifolds with isotropic mean
Berwald curvature. It is remarkable that as a consequence of Lemma 7, we have
the following.
Lemma 8. Twisted product Finsler manifold (M1 ×f M2, F ) is isotropic mean
Berwald manifold if and only if
Eαβ + fgαβI
hfh +
1
2
fIν;α;βfνF
2
2 + f
−1fν(C
γν
α;βvγ + I
ν
;αvβ + I
ν
;βvα
+Cναβ + I
νgαβ)−
n+ 1
2
cf2F−1(gαβ −
f2
F 2
vαvβ) = 0, (5 .67)
Eij +
1
2
fIh;j;ifhF
2
2 −
n+ 1
2
cF−1(gij −
1
F 2
yiyj) = 0, (5 .68)
c(n+ 1)F−3yi + fI
h
;ifh = 0, (5 .69)
where c = c(x) is a scalar function on M .
Theorem 10. Every twisted product Finsler manifold (M1 ×f M2, F ) with
isotropic mean Berwald curvature is a weakly Berwald manifold.
Proof. Suppose that F is isotropic mean Berwald twisted product Finsler metric.
Then differentiating (5 .69) with respect vγ gives us
c(n+ 1)f2F−5vγyi = 0
Thus, we conclude that c = 0. This implies that F reduces to a weakly Berwald
metric.
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6 Locally Dually Flat Twisted Product Finsler
Manifolds
In [1], Amari-Nagaoka introduced the notion of dually flat Riemannian metrics
when they study the information geometry on Riemannian manifolds. Infor-
mation geometry has emerged from investigating the geometrical structure of a
family of probability distributions and has been applied successfully to various
areas including statistical inference, control system theory and multi-terminal
information theory. In Finsler geometry, Shen extends the notion of locally du-
ally flatness for Finsler metrics [24]. Dually flat Finsler metrics form a special
and valuable class of Finsler metrics in Finsler information geometry, which play
a very important role in studying flat Finsler information structure [9][28].
In this section, we study locally dually flat twisted product Finsler metrics.
It is remarkable that, a Finsler metric F = F (x,y) on a manifold M is said
to be locally dually flat if at any point there is a standard coordinate system
(xa,ya) in TM such that it satisfies
∂2F 2
∂xb∂ya
yb = 2
∂F 2
∂xa
. (6 .70)
In this case, the coordinate (xa) is called an adapted local coordinate system.
By using (6 .70) we can obtain the following lemma.
Lemma 9. Let (M1 ×f M2, F ) be a twisted product Finsler manifold. Then F
is locally dually flat if and only if F1 and F2 satisfy in the following equations
∂2F 21
∂xk∂yl
yk = 2
∂F 21
∂xl
+ 4fflF
2
2 , (6 .71)
4fkvβy
k + f
∂2F 22
∂uα∂vβ
vα + 4fαvβv
α = 2f
∂F 22
∂uβ
+ 4fβF
2
2 . (6 .72)
Now, let F be a locally dually flat Finsler metric. Taking derivative with
respect to vγ from (6 .71) yields fl = 0, which means that f is a constant
function on M1. In this case, the relations (6 .71) and (6 .72) reduce to the
following
∂2F 21
∂xk∂yl
yk = 2
∂F 21
∂xl
, (6 .73)
f
∂2F 22
∂uα∂vβ
vα + 4fαvβv
α = 2f
∂F 22
∂uβ
+ 4fβF
2
2 . (6 .74)
By (6 .73), we deduce that F1 is locally dually flat.
Now, we assume that F1 and F2 are locally dually flat Finsler metrics. Then
we have
∂2F 21
∂xk∂yl
yk = 2
∂F 21
∂xl
, (6 .75)
∂2F 22
∂uα∂vβ
vα = 2
∂F 22
∂uβ
. (6 .76)
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By (6 .75) and (6 .76), we derive that (6 .71) and (6 .72) are hold if and only if
the following hold
fl = 0, fαvβv
α = fβF
2
2 . (6 .77)
Therefore we can conclude the following.
Theorem 11. Let (M1 ×f M2, F ) be a twisted product Finsler manifold.
(i) If F is locally dually flat then F1 is locally dually flat, f is a function with
respect (uα) only and F2 satisfy in (6 .74).
(ii) If F1 and F2 are locally dually flat. Then F is locally dually flat if and only
if f is a function with respect (uα) only and F2 satisfies in (6 .77).
By Theorem 11, we conclude the following.
Corollary 6. There is not exist any locally dually flat proper twisted product
Finsler manifold.
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